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PONTRYAGIN-THOM-SZU˝CS TYPE CONSTRUCTION FOR
NON-POSITIVE CODIMENSIONAL SINGULAR MAPS
WITH PRESCRIBED SINGULAR FIBERS
BOLDIZSA´R KALMA´R
Abstract. We give a Pontryagin-Thom-Szu˝cs type construction for
non-positive codimensional singular maps, and obtain results about cobor-
dism and bordism groups of −1 codimensional stable maps with pre-
scribed singular fibers.
1. Introduction
The purpose of this paper is to show many results about (co)bordisms
of non-positive codimensional singular maps (if we have a map f : Mm →
P p of an m-dimensional manifold into a p-dimensional manifold, then the
codimension of the map f is the integer p−m) with prescribed singular fibers
by giving a Pontryagin-Thom-Szu˝cs type construction in an analogous way
to the case of positive codimensional singular maps and by finding analogous
theorems and arguments.
The classical Pontryagin-Thom construction is an elementary method
to study homotopy groups (or stable homotopy groups) of Thom-spaces
of vector bundles via cobordisms of embeddings (resp. immersions), or on
the contrary, study cobordisms via homotopy groups. Szu˝cs extended the
classical Pontryagin-Thom construction for cobordisms of immersions with
restricted self-intersections [33], for cobordisms of singular maps with vari-
ous types of singularities [32, 35] and in general for cobordisms of positive
codimensional singular maps together with Rima´nyi [21]. Later it turned
out that Pontryagin-Thom-Szu˝cs type construction can be used effectively to
study Thom polynomials [20] and eliminations of singularities by cobordism
[37, 38].
In the case of codimension −1, we obtained already some results and
applications, e.g., computing the cobordism groups of fold maps with pre-
scribed singular fibers in low dimensions and eliminating singular fibers by
cobordism [13, 14, 15, 16].
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Recently several techniques have been developed in order to describe
cobordisms of singular maps. Ando and Sadykov constructed spectra [1, 4,
23] by using the h-principle of Ando [2, 3], and Szu˝cs constructed spectra by
using a compression theorem [38]. The main advantage of the Pontryagin-
Thom-Szu˝cs type construction is that it also gives the possibility to handle
in an elementary way cobordisms of singular maps with global restrictions
like restrictions about the multiplicities or symmetries of singularities or
singular or regular fibers.
In Section 2 we give basic definitions, in Section 3 we state our main
results, in Section 4 we give the Pontryagin-Thom-Szu˝cs type construction
for non-positive codimensional singular maps, in Section 5 we reduce the
structure groups of −1 codimensional singularities to compact subgroups,
in Section 6 we compute some cobordism groups of cusp maps.
The author would like to thank Prof. A. Szu˝cs for the lectures and
discussions.
2. Preliminaries
Notations. In this paper the symbol “∐” denotes the disjoint union. The
symbol Tξk denote the the Thom space of the bundle ξk . The symbol
πsn(X) (or π
s
n ) denotes the nth stable homotopy group of the space X
(resp. spheres). The symbol “idA” denotes the identity map of the space
A . The symbol ε denotes a small positive number, and Ωn denotes the
oriented cobordism group of closed oriented n-dimensional manifolds. All
manifolds and maps are smooth of class C∞ .
2.1. Smooth maps. In this paper, all smooth maps are supposed to be non-
positive codimensional, proper and stable. We also suppose that a smooth
map can be stratified by the singular strata, and the strata are smooth
submanifolds of the target.
2.2. Bundle structure on a family of a map. Let h : X l → Rk be a
smooth map of an l -dimensional manifold, where l ≥ k ≥ 1. Let G be a
subgroup of the automorphism group AUT(h) of h , i.e., the group of pairs
(α, β), where α : X l → X l and β : Rk → Rk are diffeomorphisms (suppose
that β is also a linear transformation), and h ◦ α = β ◦ h holds. By the
Milnor construction, we can construct the universal “h bundle”
EG ×G (h : X
l → Rk) −→ BG,
i.e., whose “total space” is the fiberwise map
EG ×G X
l EG×Gh−−−−−→ EG ×G R
k
denoted by χ : ξ → η (the restriction of χ to any fiber is a map equivalent
to h). Now, if we have a map ϕ : W → BG , then by pull-back, we obtain
a family
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ϕ∗ξ ϕ∗η
W
ϕ∗χ
of the map h parametrized by the space W . Moreover, because of the
properties of the Milnor construction, this family is locally trivial and has
structure group G .
Conversely, if we have a family
X˜ Y˜
W
χ˜
of the map h parametrized by the space W , and this family is locally
trivial and has structure group G , then it can be induced from the universal
h bundle χ −→ BG .
Since in the case of Pontryagin-Thom-Szu˝cs type construction for non-
positive codimension we want to induce families of maps from universal
bundles obtained by the Milnor construction similarly to above, our families
in hand should be locally trivial. Moreover, since we want to use transver-
sality in the total space of the bundle EG ×G R
k → BG , the topological
group G should be compact or finite dimensional Lie group. In the case of
positive codimension, see [10, 21, 34, 39].
2.3. Fiber-germs, singular fibers and τ -maps. Let f : Qq → Nn be a
smooth map between smooth manifolds of dimensions q and n respectively,
q ≥ n ≥ 1, and p ∈ Qq . The fiber-germ F over f(p) is the map germ
f : (f−1(Uf(p)), f
−1(f(p)))→ (Uf(p), f(p)),
where Uf(p) denotes a small neighbourhood of the point f(p) (see “singular
and regular fibers” in [26, Chapter 1]).
In this paper, we do not make difference between a fiber-germ F and
its suspensions
f × idRs : ((f × idRs)
−1(Uf(p) × R
s), (f × idRs)
−1(f(p)× {0})) →
(Uf(p) × R
s, f(p)× {0}),
s > 0, although they are not right-left equivalent. E.g., we will always
suppose that a fiber-germ F is not a suspension.
In this paper, instead of a fiber-germ F (which is never a suspension by
the previous paragraph), often we consider a representative σF : sF→ D
m
ε ,
where Dmε is a small m-dimensional disk around f(p), sF denotes f
−1(Dmε )
and σF denotes f |f−1(Dmε ) (and σF is not right-left equivalent to a map of
the form σ˜F × idRs , s > 0). Let κ(F) denote m . We will refer to the
representative σF : sF→ D
m
ε as the fiber-germ itself.
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If p ∈ Qq is a singular point of the map f , then we call the fiber-
germ over f(p) a singular fiber. If the fiber-germ has only regular points,
then we call the fiber-germ over f(p) a regular fiber, and the representative
σF : sF → D
m
ε is chosen to be the map f |f−1(f(p)) : f
−1(f(p)) → f(p) (i.e.,
κ(F) = m = 0).
Definition 2.1. Let f : Qq → Nn be a smooth map. Let F be a fiber-germ
of f and let SF denote the κ(F) codimensional submanifold of N
n over
which the fiber-germs are equivalent to F . We say that the local triviality
condition holds for the family of σF : sF → D
κ(F)
ε parametrized by SF if
it is a locally trivial bundle with fiber σF and structure group AUT(σF).
Furthermore, we say that the compact structure group condition holds for
the family of σF : sF → D
κ(F)
ε parametrized by SF if its structure group can
be reduced to a compact subgroup of AUT(σF).
For example, a family of a regular fiber σF : sF → D
0 always satisfies
the local triviality condtition, and if the self-diffeomorphism group of the
manifold sF can be reduced to a compact group (e.g. when sF is one
dimensional), then it satisfies the compact structure group condition as well.
Definition 2.2. We say that a smooth map f is locally trivial if all of its
fiber-germ families satisfy the local triviality condition. We say that a locally
trivial smooth map f is compact if all of its fiber-germ families satisfy the
compact structure group condition.
We introduce some notion which are analogues of “τ -maps” of the
positive codimensional case [21].
Definition 2.3. Let σF : sF → D
κ(F)
ε be a fiber-germ. Let g1 be an auto-
diffeomorphism of sF and g2 be an auto-diffeomorphism of D
κ(F)
ε such that
g2◦σF = σF◦g1 . We call the pair (g1, g2) an automorphism of the fiber-germ
σF. The automorphism group of σF consists of this kind of pairs (g1, g2).
Let AUT(σF) denote the automorphism group of σF.
Hence AUT(σF) is a subgroup of the topological group DIFF(sF) ×
DIFF(D
κ(F)
ε ).
Definition 2.4. Let σF be a fiber-germ and let G be a subgroup of the
automorphism group of σF. We call the pair (σF,G) a global fiber-germ.
Definition 2.5. Let τ0 and τ1 be two sets of global fiber-germs. τ0 ≺ τ1
if for every (σF,GF) ∈ τ0 there exists an element (σ
′
F
,G′
F
) ∈ τ1 such that
σF = σ
′
F
and GF is a subgroup of G
′
F
.
Definition 2.6. For a locally trivial map f let τf be the set of the global
fiber-germs (σF,GF) where each σF is a fiber-germ of f and the correspond-
ing group GF is the structure group of the bundle of this fiber-germ. We
call the set τf the global fiber-germ set of f .
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Definition 2.7. Let τ be a set of global fiber-germs. We say that the
locally trivial map f is a τ -map if τf ≺ τ .
2.4. Some −1 codimensional singular maps. Let Qn+1 and Nn be
smooth manifolds of dimensions n+1 and n respectively. Let p ∈ Qn+1 be
a singular point of a smooth map f : Qn+1 → Nn . The smooth map f has
a fold singularity at the singular point p , if we can write f in some local
coordinates at p and f(p) in the form
f(x1, . . . , xn+1) = (x1, . . . , xn−1, x
2
n ± x
2
n+1).
A smooth map f : Qn+1 → Nn is called a fold map, if f has only fold
singularities.
The smooth map f has a cusp singularity at the singular point p , if we
can write f in some local coordinates at p and f(p) in the form
f(x1, . . . , xn+1) = (x1, . . . , xn−1, x
3
n + x1xn − x
2
n+1).
A smooth map f : Qn+1 → Nn is called a cusp map, if f has only fold and
cusp singularities.
The possible regular and singular fibers of stable fold and cusp maps
for n ≤ 4 are classified in [19, 26, 28, 41].
We will prove that every −1 codimensional stable map is locally trivial
and compact.
2.5. Bordisms and cobordisms of fold maps with prescribed fiber-
germs. In the following, we suppose that the singular maps are locally
trivial.
Definition 2.8 (Cobordism). Let Nn be an n-dimensional manifold. Let
τ and τ ′ be two sets of global fiber-germs. Two τ -maps f0 and f1 of closed
q -dimensional manifolds Qq0 and Q
q
1 into N
n are τ ′ -cobordant, if
(1) there exists a τ ′ -map F : Xq+1 → Nn×[0, 1] from a compact (q+1)-
dimensional manifold Xq+1 ,
(2) ∂Xq+1 = Qq0 ∐Q
q
1 ,
(3) F |Qq0×[0,ε)
= f0 × id[0,ε) and F |Qq1×(1−ε,1]
= f1 × id(1−ε,1] , where
Q
q
0 × [0, ε) and Q
q
1 × (1 − ε, 1] are small collar neighbourhoods of
∂Xq+1 with the identifications Qq0 = Q
q
0 × {0}, Q
q
1 = Q
q
1 × {1}.
We call the map F a τ ′ -cobordism between f0 and f1 .
This clearly defines an equivalence relation on the set of τ -maps of
closed q -dimensional manifolds into Nn .
For two sets τ and τ ′ of global fiber-germs let us denote the cobordism
classes of τ -maps under τ ′ -cobordisms by
CobN,τ,τ ′(q, n − q)
(CobN,τ (q, n − q) for τ = τ
′ ).
When the target manifold Nn has the form R1 ×Mn1 , we can define
a commutative semigroup operation on CobN,τ,τ ′(q, n − q) by the far away
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disjoint union. In the case of Nn = Rn , we have an abelian group, which
we denote by Cobτ,τ ′(q, n − q) (Cobτ (q, n − q) for τ = τ
′ ).
Definition 2.9 (Bordism). Let Nni (i = 0, 1) be two closed oriented n-
dimensional manifolds. Let τ and τ ′ be two sets of global fiber-germs. Two
τ -maps fi (i = 0, 1) of closed q -dimensional manifolds Q
q
0 and Q
q
1 into N
n
0
and Nn1 , respectively, are τ
′ -bordant, if
(1) there exists a τ ′ -map F : Xq+1 → Y n+1 of a compact (q + 1)-
dimensional manifold Xq+1 to a compact oriented (n+1)-dimensional
manifold Y n+1 ,
(2) ∂Xq+1 = Qq0 ∐Q
q
1 and ∂Y
n+1 = Nn0 ∐−N
n
1 ,
(3) F |Qq0×[0,ε)
= f0 × id[0,ε) and F |Qq1×(1−ε,1]
= f1 × id(1−ε,1] , where
Q
q
0 × [0, ε) and Q
q
1 × (1 − ε, 1] are small collar neighbourhoods of
∂Xq+1 with the identifications Qq0 = Q
q
0 × {0}, Q
q
1 = Q
q
1 × {1}.
We call the map F a τ ′ -bordism between f0 and f1 .
This clearly defines an equivalence relation on the set of τ -maps of
closed q -dimensional manifolds into closed oriented n-dimensional mani-
folds.
For two sets τ and τ ′ of global fiber-germs let us denote the bordism
classes of τ -maps under τ ′ -bordisms by Borτ,τ ′(q, n− q) (Borτ (q, n− q) for
τ = τ ′ ).
We define a commutative group operation on Borτ,τ ′(q, n − q) in the
usual way by the disjoint union.
3. Main theorems
The following theorem is the non-positive codimensional analogue of
[21].
Theorem 3.1. For every integers q ≥ n ≥ 1 and set of global fiber-germs
τ , there is a Pontryagin-Thom-Szu˝cs type construction for locally trivial
τ -maps of q -dimensional manifolds into n-dimensional manifolds, i.e.,
(1) there exists a universal τ -map ξτ : Uτ → Γτ such that
1 for every locally
trivial τ -map g : Qq → Nn there exists a commutative diagram
Qq −−−−→ Uτ
g


y ξτ


y
Nn −−−−→ Γτ
moreover the arising map Nn → Γτ is unique up to homotopy. It will
be denoted by χg . The space Γτ is constructed by gluing together total
spaces of vector bundles corresponding to the possible singular fibers in
τ and their automorphisms.
1The spaces Uτ and Γτ are not (finite dimensional) manifolds and so ξτ is not a
smooth map.
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(2) For every n-dimensional manifold Nn there is a natural map
χN∗ : CobNn,τ (q, n − q)→ [N˙
n,Γτ ]
between the set of τ -cobordism classes CobNn,f (n + 1,−1) and the set
of homotopy classes [N˙n,Γ−1] . The map χ
N
∗ maps a τ -cobordism class
[g] of a locally trivial map g into the homotopy class of the inducing
map χg : N˙
n → Γτ .
(3) If n, q, τ are such that the τ -maps and their cobordisms are not only
locally trivial but also compact, then the natural map χN∗ is a bijection.
Similarly, there is a natural map Borτ (q, n − q) → Ωn(Γτ ), which is a
bijection if the maps in hand are compact.
Definition 3.2. Let σF : sF → D
κ(F)
ε be a singular fiber. We say that the
singular fiber σF is weakly coorientable if for every automorphism (g1, g2)
of σF the diffeomorphism g2 preserves the orientation. (See similar notions
for example in [26, 28]).
The following theorem can be obtained by using an analogue of the
spectral sequence argument for example in [36] and Proposition 5.3. Let
q ≥ n ≥ 1, q − n = 1, and τ be a set of global fiber-germs with maximal
symmetry groups such that
(1) every singular fiber has only fold singularities,
(2) τ contains all the regular fibers and definite fold singular fibers, and
(3) if F is a singular fiber in τ , then any singular fiber of the form
F ∪ some regular fibers ∪ some definite fold singular fibers
is in τ .
Theorem 3.3. The rank of the homology group Hn(Γτ ;Z) is equal to the
rank of the nth homology group of the universal complex (see [26, 27]) for
weakly coorientable singular fibers in τ . If p is an odd prime and p > n ,
then the homology group Hn(Γτ ;Z) does not have any p-torsion. 
Since −1 codimensional fold maps are compact, we obtain the following.
Corollary 3.4. If p is an odd prime and p > n , then the cobordism group
Cobτ (n+ 1,−1) does not have any p-torsion.
Corollary 3.5. The rational bordism group Borτ (n+1,−1)⊗Q is isomor-
phic to
⊕
k+l=nHk(Γτ ;Q)⊗ Ωl .
Analogously to [14], we can apply the results of [31, 38] to the Pontryagin-
Thom-Szu˝cs type construction for −1 codimensional stable maps with pre-
scribed singular fibers as follows.
For a global singular fiber (σF : sF→ D
κ(F)
ε ,G), let Imm
G
N (n−κ(F), κ(F))
denote the cobordism group of immersions of (n− κ(F))-dimensional man-
ifolds into Nn with normal bundle induced from the universal bundle
EG ×G D
κ(F)
ε .
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Let q ≥ n ≥ 1, q − n = 1, and τ be a set of global fiber-germs such
that
(1) every singular fiber has only stable singularities,
(2) τ contains all the regular fibers and definite fold singular fibers, and
(3) if F1 and F2 are fiber-germs in τ , then the fiber-germ F1∪F2 (with
the appropriate symmetry group) is also in the set τ .
Let σF be a connected singular fiber in τ , such that there is no connected
singular fiber in τ whose boundary has the singular fiber F (i.e., σF is a
“top” singular fiber). Let τ0 denote the set obtained from τ by leaving out
the singular fiber σF and all of its multi singular fibers.
Theorem 3.6. There is a fibration
Γτ0 →֒ Γτ −→ Γ(T (EG ×G D
κ(F)
ε )),
where T (EG ×G D
κ(F)
ε ) denotes the Thom-space of the bundle EG ×G D
κ(F)
ε
and Γ(T (EG ×G D
κ(F)
ε )) denotes the classifying space for the immersions of
κ(F) codimensional immersions with normal bundle induced from the bundle
EG ×G D
κ(F)
ε . 
Corollary 3.7. Let f : Qn+1 → Nn be a τ -map. Then f is τ -cobordant
to a τ0 -map if and only if the immersion into N
n corresponding to the
F-family of f is zero in the cobordism group ImmG(n− κ(F), κ(F)). 
4. The classifying space for τ -maps
Proof of Theorem 3.1. Given a topological group G let EG → BG denote
the Milnor construction for the universal G-bundle. For a global fiber-germ
(σF,G), let ξ
G
F
denote the “total space” of the “bundle”
EG ×G (σF : sF→ D
κ(F)
ε )→ BG,
i.e., the fiberwise map
(4.1) EG ×G sF → EG ×G D
κ(F)
ε .
Let us define the boundary ∂ξG
F
of ξG
F
as the map
EG ×G (∂σF : ∂sF → ∂D
κ(F)
ε )
of ξG
F
. This is a smooth map, the fiber-germs of which have codimension
less than κ(F).
If σF is a regular fiber, then the boundary ∂ξ
G
F
is the empty set.
We can define a partial ordering on the set of global fiber-germs.
Definition 4.1. We say that the global fiber-germ a = (σF0 ,G0) is less than
the global fiber-germ g = (σF1 ,G1) (denoted by a < g) if κ(F0) < κ(F1),
∂ξG1
F1
has a fiber-germ of type σF0 and the structure group of the fiber-germ
σF0 in ∂ξ
G1
F1
is a subgroup of the structure group G0 .
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Note that for any group G1 the relation (σF0 ,AUT(σF0)) < (σF1 ,G1)
holds if and only if the boundary ∂σF1 of the fiber-germ σF1 has a fiber-germ
of type σF0 .
Definition 4.2. We say that a global fiber-germ set τ is closed if for any
global fiber-germ (σF,G) in τ and for every fiber-germ σ
′
F
of the map ∂ξG
F
there exists a global fiber-germ (σ′
F
,G′) in τ such that (σ′
F
,G′) < (σF,G).
Note that for a map f the global fiber-germ set τf is closed.
Conversely, for a closed global fiber-germ set τ , we can construct by
induction a map ξτ such that τξτ is equal to τ as follows.
The following construction of the map ξτ is very similar to the con-
structions of the classifying spaces of Szu˝cs [33, 35] and the universal map
of Rima´nyi and Szu˝cs [21]. We suggest to study and understand the con-
struction in [21] before reading the following definition. In our case the
transversality and the uniqueness up to homotopy are included without men-
tioning.
Definition 4.3. Let τ be a closed global fiber-germ set. We construct the
map ξτ by induction. Let ξ
0
τ denote the disjoint union ∐σFEG ×G σF where
(σF,G) runs over the global regular fibers in τ (i.e., σF whith κ(F) = 0).
Suppose that we have constructed the map ξkτ , (k ≥ 0). Then for
every global fiber-germ (σF,G) in τ with κ(F) = k + 1, the map ∂ξ
G
F
has
only global fiber-germs in τξkτ because τ is closed. Because of the induction
hypothesis, we have a glueing “map” ϕG
F
: ∂ξG
F
→ ξkτ between the sources
and targets of the maps ∂ξG
F
and ξkτ , which – restricted to each stratum of
the map ∂ξG
F
– is a bundle-map into the “total spaces” ξG
′
F′
(where ξG
′
F′
⊆ ξkτ )
for every global fiber-germ (σF′ ,G
′) with (σF′ ,G
′) < (σF,G). Now, by using
these glueing maps, we obtain the desired map ξk+1τ = ξ
k
τ ∪ϕG
F
ξG
F
, where
(σF,G) runs over the set of global fiber-germs in τ with κ(F) = k + 1. Let
ξτ denote the limit ξ
1
τ ⊆ ξ
2
τ ⊆ . . . ⊆ ξ
k
τ ⊆ . . . .
The map ξτ defined in Definition 4.3 has a target space Γτ , i.e., the
target spaces
ΓG
F
:= EG ×G D
κ(F)
ε
of the maps ξG
F
, see (4.1), glued together.
Proposition 4.4. The map ξτ : Uτ → Γτ is the Pontryagin-Thom-Szu˝cs
type construction for Theorem 3.1.
Proof. The homopoty groups of Γτ provide us the corresponding cobor-
dism groups according to the Pontryagin-Thom-Szu˝cs type construction as
follows.
Let f : Qq → Nn be a τ -map. Then, we obtain a map S : N˙n → Γτ as
follows. Let UF(f) denote the small tubular neighbourhood of the f -image
2
2In the case of a regular fiber let UF(f) denote only the f -image.
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of the fiber-germs of type σF in N
n . By a map SF : UF(f) → Γ
G
F
, we induce
the σF bundle of f from the block Γ
G
F
of Γτ for every global fiber-germ
(σF,G
′) in τf , such that the regular neighbourhood UF(f) is induced from
the target EG ×G D
κ(F)
ε of the map ξ
G
F
, and the preimage f−1(UF(f)) is
induced from the source EG ×G sF of the map ξ
G
F
. Then, we glue together
these maps SF : UF(f) → Γτ into a map S : N
n → Γτ by the generalized
Pontryagin-Thom construction [21].
Conversely, let S : N˙n → Γτ be an element of [N˙
n,Γτ ] . If the structure
groups of the global fiber-germs in τ are compact, then we can construct
a τ -map of a closed q -dimensional manifold into Nn by glueing together
the σF bundles S
∗(ξG
F
) → S−1(zero section of ΓG
F
) induced from the σF
bundles ξG
F
→ BG .
This can be applied for homotopies and cobordisms as well. Details are
left to the reader. 
This completes the proof of Theorem 3.1. 
5. Bundle structure on −1 codimensional stable maps
Let f : Qn+1 → Nn be a stable map in general position. The map f
can be considered as “locally trivial bundles of singularities” glued together.
More precisely, we have the following theorems. The first is an analogue of
[34] while the second is an analogue of the positive codimensional structure
group reduction [10, 21, 39].
For each singular fiber σF of the map f let SF denote the submanifold
in Nn which is the f -image of singular fibers of type σF. Note that SF is
an (n− κ(F))-dimensional submanifold.
Let PF denote the total space of the disk bundle associated with the
normal bundle of the submanifold SF. The manifold PF is embedded into
Nn in a natural way, onto a regular neighbourhood of SF. Hence, we have
the projection πF : PF → SF, and we also have the projection f
−1(PF)→ SF
defined by the map πF ◦ f
′ , where f ′ = f |f−1(PF) . Therefore, we have the
commutative diagram
f−1(PF)
SF
PF
πF ◦ f
′
f ′
πF
which gives us a σF-family denoted by ξF(f), i.e., the “total space” of
ξF(f) is the fiberwise map f
′ : f−1(PF) → PF between the total spaces of
the bundles πF ◦ f
′ : f−1(PF) → SF with fiber sF and πF : PF → SF with
fiber Jκ(F) , the “base space” of ξF(f) is SF, and the “fiber” of ξF(f) is
right-left equivalent to the fiber-singularity σF.
Then the following theorem can be proved by an argument similar to
that in [34].
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Theorem 5.1. Let σF be a singular fiber of the map f . Then the family
ξF(f) is a locally trivial bundle over SF with the singular fiber σF as fiber,
and with structure group AUT(σF). 
Proof. Since the singularities are stable, there is an open covering of SF such
that over each open set the family is trivial. By doing the same process as
in [34], we recieve the result. 
Theorem 5.2. Let σF be a singular fiber of the map f . Then the structure
group of the bundle ξF(f) can be reduced to a compact group.
Proof. Let N(S) denote the neighbourhood of the singular set in f−1(PF).
The restriction
N(S)
SF
PF
πF ◦ f
′
f ′
πF
of the bundle ξF(f) is a bundle νF(f) of a multi-germ around finite number
of isolated points, hence its structure group can be reduced to a maximal
compact subgroup by [10, 39].
The restriction of the map f to the complementer f−1(PF)−N(S) is
a submersion with one dimensional manifolds as fibers. Hence, clearly we
can put a Riemannian metric on f−1(PF)−N(S), which is invariant under
the compact structure group of the bundle νF(f) on (f
−1(PF) − N(S)) ∩
cl(N(S)). Therefore the structure group AUT(σF) can be reduced to a
compact group. 
Note that we showed a symmetry group, which keeps fixed a Riemann-
ian metric on sF. Let us denote this group by ISO(σF). In [14], we obtained
the following.
Proposition 5.3. For a singular fiber σF with only indefinite singular
points and no circle components, the group ISO(σF) is finite, and if p is
an odd prime with p > κ(F), then its order |ISO(σF)| cannot be divided by
p.
6. Cusp cobordisms in low dimensions
By Theorems 3.1 and 3.6 and the previous section, we can compute some
cobordism groups of −1 codimensional cusp maps. Let us denote the set of
all global regular fibers and singular fibers with only fold or cusp singularities
and with maximal structure groups by “c”, hence Cobc(n + 1,−1) denotes
the cobordism group of cusp maps of closed (n+ 1)-dimensional manifolds
into Rn . By introducing orientations on the source manifolds of maps and
cobordisms in Definition 2.8, we obtain the notion of oriented cobordism
group of cusp maps, denoted by CobOc (n + 1,−1). Our theorems clearly
work for oriented cobordisms as well.
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Proposition 6.1. The cobordism group CobOc (3,−1) is isomorphic to Z2 .
The homomorphism γ : CobOc (3,−1) → Imm(1, 1), which maps a cobordism
class [f ] into the cobordism class of the immersion of the singular set3 of
f , is an isomorphism.
Proof. By Theorems 3.1 and 3.6, we have a homotopy exact sequence for
cobordism groups, and the homomorphism γ clearly does not vanish, since
it can be non-zero on fold maps [13]. 
Proposition 6.2. The rank of the cobordism group CobOc (4,−1) is 2. The
two Z summands are generated by the algebraic number of the singular fiber
of type III8 and the algebraic number of the singular fiber of type IIIb (for
the notations of the singular fibers, see [26]).
Proof. By [16] and the exact sequence from Theorem 3.6, we obtain the
result. 
Let us denote the set of all the global regular fibers and singular fibers
with only cusp or fold singularities which have at most one singular point
in each of their connected components and with maximal structure groups
by “sc”, hence CobOsc(n + 1,−1) denotes the oriented cobordism group of
simple cusp maps of closed (n + 1)-dimensional manifolds into Rn .
Proposition 6.3. The simple cusp cobordism group CobOsc(n + 1,−1) is
isomorphic to πsn−1(RP
∞).
Proof. By [15] and easy geometric constructions the summand πsn−1 of the
oriented simple fold cobordism group goes to zero under the natural homo-
morphism into the group CobOsc(n+ 1,−1). But by the exact sequence from
Theorem 3.6, the kernel of this natural homomorphism cannot be bigger. 
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